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ISPOEMATION FLOW ATGEBERAS FOR NON.DETERMINISTIC AUTCMATA

0, Iintroduction.

In the decomposition and state ocoding theories of aubtomata some
algebras play an important role [1]. The pair algebras generated
by "information flow relstiocna” are of specisl interest. In tule
paper, we investigate such reletions for ron-determiniatic (i.e,
poseibiliptic) finite autemata (FDA)., Thess relations apply o
the rdecomposition® of an NDA inte networks consisting of (1)
KD-gemiautomata, (ii) deterministic semleuntomata and (iii} WD«
automats wiih proper output, respectively.

In the following, an NDA with output is sm quadruple 4 z[X,‘I,Z,h]
provided X,Y and T are finite nonempty sets {the input-, oumtpub-
and state alpimbe‘t:, resp,) and h maps ZXX uniquely into A z\{a}.
Tnly map generates the naxt state function f£: ZXX —» 22\{13},
the output function g: ZXX —-> 2'\fg}, the conditionsl next
sbate funotlon R: EXEIXT —> 2% and the conditional output
function h,: TXRIXD = 2° (see STARER [2]). irn ths obvious way.
A= [X,Z,i] is called semlsutomaton., If £ and g have only aingle-
tons as values, A is called deterministic sutomston (D).

2 get T of sudsets (blocks) of % is caelled cover or set system
0f 2 42 LT = % and T is total unordered under set inclusion.
Furthermore, & is called parbtiiion $f all 1ts elements are palr-
wige disjoint. A cover {partition) induces the relation % on Z
defined by: & 5 B{% ) = a &nd b are 1n the same block of T .
The s ot W of mll covers and the set &£ of all partitions of Z,resp.,
forms & lattlce under the semlorder £ which is defined by: % £ X'
1ff (if and only 1f) every bleck of ¥ is contained in some block
of X', The least element is O, ths partition imto singletons, the
grestest one is 1, the partition combainig only ths biock I.
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Define the twe operstions + and » by TW+T = 1.0.0.(1C,T)

and T+ T = g.1.0.(K,T), respactively. Note that the definmi.
tion of + for covers dlffers from that for partitionms,

Let £, end £, be finite lattices. Then call the set A Tl Xoly
pair algebrs iff it conteins both [0,T] snd [X,1] for X inZ,
and T in £; and 1% is closed under the componentwise addition +
and smltipiication . , Define the functlons m: .ﬁ.‘—--bz&and ¥
-f}_w».z',hy n(7) = [{r{mr] 18 1nA} and M(T) == {T|
[, T] 1s in A},

HARTMANES and STEARNS {‘t] define the important notion of parti.
tion pair for detexmimistic autometa: The pair [R,¥]of partitions
{for covers it is called system pairx) is & partitian paix 1£f
for all x in X and all blocks B in ¥ there exists & Bf inT such
that {2(z,x)] s€B} € Br. Tt can be shown [1] that the set [y
of &ll pariition pairs a8 well as the set LAgy of all system pairs
form a pair algebra. In {1] for partially defined DA a "weak"
partition palr algebra 1s defined. Two paire of a “weak palr
algsbra® cannot be added componentwlse, but all other properties
of a pair algebra still hold.

A familierity witn [1] and [3] will facilitate the insight imbo
this paper. For the sake of briefress, all statements are given

without any proof,

1, Partition paire and cover pairs for XDA

In the following, we shell regard the KD-semiautomaton 4 =[X,2,2].
Let T, and T be partitions in & , unless stated otherwise.
4.1, Defimition, [',TC,’C'] is a partition pair for A (PR, for
gnort) 1£f for 1l z in X snd z,2' iu I we have:
VERETAzEz (R ) — En(a,x) # § €3> Entla',x) # ) .

Iset&m?? be ths set of all KPP'as.

- TET -

1.2, Proposition, AEP i3 2 weak palr algebra which is dusl to
the one defined by HARTMANIS snd STBARNS in [1], i.e. 1t hss the
following properties:

(1)[,1] =nd [0,T] sre in AHP_P;

(11) 12 [%,T ] and [X', 7] are in Agy,, then so does [T, TSTL

(111) 12 [1,T] 1o iz Ay and X'E T, then [T/,T] 18 1n Dy,

Becauae of (i1i) only the function M is well defined.

1.3. Eroposition. AE‘BE forms a lattice under the operations +
gnd » defined by:
y (el [mit] - e wr-th, Tl

(11) [x,T]+[TiT'] = [T+, T+ T'LL

- o T

1:5: Froposition. ne met Aygp of all NSP-partitions is a

monoid under the operation +.

The motion of a system palr for an HDA csn be defined in the same
marner. However, the sst of all system pairs doea not form & weak
patr slgebrs according to 1.2.(1)...(3i1i). Bather the following
ia true:

1.6, Theorem, Tet W be a cover, T ve & partition of % snd[X,T]

be B system palr of A. Then there exists a par‘;i‘tion?f’g Tyena
[7*,T] 1s s pertition paiz.

Interpretation

Let T be a partition corresponding o an isomorphic partlal
state mssignment of A, i,e, T 1s isomorphie to the state set

of e pemisutomston Ay which is 2 component of a network AF

of pemisutomsts, such thet a subantomaton 4 of 4% ig lasomorphic
to A, If f‘}t’ ,'C'J ig & partition palr for A, them the operation

0f A, depends merely on {extornal input} and on the prsseut
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state information for the complete system given by F. If,
for example, there exists mnother component Ay of A" witn
state set 7', then A dopends only on Ay and x, not even on
its own present state, Constructing a decomposition of A in
thig way, it ip often useful to minimize the dependencies
between its components, In our sxample, we could ssarch for
such a T for which M(T ) is & very grest oune. On the other kand,
1f Tis in Ay, 1.6 ¥T) 2T, ther 4 depends only on

x and its own present state,

Remaric

The partitions T, which correspond to the state sets of the
components mentioned above, must faifil the condition of inde~
pendence, as stated in fs], and for complete encoding of the
atates the product of a1l T's must be the zero partitionm.

2.'Determinigtic! system pairs for NDA's

In this chapter, we shall regard an salgebrs appearing when

a "deterministic realisation® of an ¥DA by a network is to de
constructed. Hereby, the NDA can %e intarpreted as a generalized
partially defined DA, i,e., it describes the poasibilities of
fixing the next atate function in the course of the design
process of a digital sequential circuit.

Tet A be an FD-semlautomaton and TC,T be ca::rers of %,

(DCP) for A iff for all x in I and B in W there exiete an ¥ in
Tauch that for all z in B the expression #{z,x)n¥ 4 ¢ nolds.
Some Pixed N ia dencted by F{B,x}, Call the set of all DCP'a

Apcp-

- -

2,2, Theorem, /\ .. 16 & weak pair algebra sccording to the
propertiee 1.2, (1)...(11i) where the operations are performed

in .

pair) according to chapter 1 ie & DCP; {(1i) If A is determi-
nistic, then Oy = Do,

Because of 2,2, the function M is Gefined,

Lnterpretation

We can interpret an HDA as a generalized partially defined DA.
The problem is: Glven an NDA A, £ind a DA which can be decom.
posed in such a way that the dependencies between the components
of the resulting network 1s minimal, whereas the DA is a posaiw
bility to restricht the next state funoction of A to single element
values. ADC? reflects the informstion flow of poegsible detera
ministic realizations. Given s chosen system T which should ba
the state set of the component hee , M(T) gives the least

amount of "infermation™ neccespary to¢ contrel the operation of

Ap, Purthermore, the firing of all N{B,x)-sets determines new

sets of next states: 2%z ,x) = fo}‘d{z,x)nN(B,x) for x in X

and ¢ in B, which are not empty. Thms, the original automaton
ig made “more deterministic® successively.It can bs shown that
this method lesds to more acomomical realizations (e.g.

switehing ciroulte) then 1f & would have been forced determi-
nistioc by meana of a random fixing of the velues of fnew[ ‘7].
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3, Some further information fiow aigebras

In the following, we inveatiga‘l::a soma algebras which apply
when realizing a given KDA by a network of NDA's with proper
output [3]. Here, the network components are arranged in the
order 5.1 ""'%,n;a’ puch that Ad ocan uge oubput information
from 11 ""’13-1' and present stats information from *3""'*:1'
Thip gusrantees that ne undelsyed fesdback will cocur.

Let A4 = {X,Z,f] be the original semiautomaton and let T ,T be
in & unless stated otherwise.

4 A iy muutpuigrts

{[z,x,s]fzez.«xemuex A£(z,2)n N 4§} the transitionsl

relation of A with respect to X', let R™ pe the set of all sub-
K

gota B of of Palfiliing UR = £%, ana R aU(ﬂ?rf"R: is a partition

of Z}.

3,2, Defimition, A\l is the met of all paizs [T,R ]euch that

for a1l z,2' with z=='{T ), ali Bin B, # in X and ¥ in X the
condition [z,x,M]E€R € [2',xM]€ R bolds.

3.3, Proposition, If [T,R1€ AL, then [T X]ELagpy (soe

3.4, Definition, Let A, p be the set of a1l T's with [T,R]

3,5._Theorem, A“X' B forms a iattice under the partitien
2z, 3

operstions + and . ., The greatest element czf-‘{}j,}:,& is denc-
ted by Mé{’ft), the least one i O .

3,6, Definition, If MA(X )2, then ie osllsd substitution

property partitiocn of {the Plest king with respect to E.

3.7. Bropogiticn. 1+ % ig & substitution preperdy pertition

according to 3.6., then T 18 in Lipoy {chaptsr 1},
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operetions + and - .,

The least element is cslled m!t('m‘}, proevided A"‘I‘t is not
?

ampty .

Clearly, this statement is slso true if + 1s replaced by the
set union UJ,

3.10. Theorem, REither AEI,T is empty, or m?c (Ic)is a
pertition of £ ,

Atﬂﬁt is completely characterized by m:]c(':t); all ite other
elaments can be generated by Joining blocks of m‘,lc.('n') in all
poasible ways.

4
311, Theozem, Myl (4r) () =T &

3,12, Corellsry, d‘?{f is completely characterized by those
of its elements which have the form ["C,m?t{’lt)] .

We call the set of pairs memtiomed in 3,12, K;t .

-

3.13, Theorem, z,;: forms a lattice under the componentwise
operations + and « for partitions.

Let 13 be some component of the glven nstwork realizing & and
1et 1ts state set correspord to the partition K. Then M;(’RT)
refleocts ths least amount of information about the prese;t
gtats of the system which is neccessary to compute the next
atate information zs well as the output information for A:}"

The latter is represented by R. On the other hand, m?t('n.’) is



the greatest computable output information for thig component ,

given the the information T on the present state of the gystenm,

How, let us regard yet ancther type of palrs, Tet u: 2Zx BExX
—> 2%{#] be derinea by u(z,R,x) =U{¥| (z,x,x]€r} ana
let 7{‘,’C’,? be ind and B in »E

for all x in X, R in ., ¥ in T and 2,z in Z with zﬂ:'(?)
the condition

{EIXEIXE AR 4B A fBixfElxT AR A0 —>
Fnu(z,B,x)Af{z,x) £ § &3> NaulzR,x)nf(z',x) £ ¢ )

holds.

2:15: Proposition. 1f (@,,T] =ma [¢,,T] are 1n AZ,

]
...... - -

then 3o is {'?1-& ?2.’{:]-

3,16, Definition, The grestest ¢ for waica [©,T] 1a in A2

is ealled Mﬁ(’t) . IfT4 Mﬁ(’c }y then T 18 called substitu-
tion property partition of the second kind with respact to R,

3.17. Proposition, If [¥,T] is in Agnéa, for R and R'

in &.R', then it is in .&.§+R,, the coperatiocn + performed in the

lattice of set gystema,

F'4 .
B

Let 4, be any component of the natwork and let 4, receive the

; 2
information R from the components i,,... ,51_1. Then MB(’C)
is the least information about the presemt state of the system,
which ig necoessary to perform %he operation of A, having its
states 4n 7, On the cther hand, let g be the information

P
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about the present state of the eystem, then u2 (T ) iB the

least output idnformstion which must be provided by the components

b1

Ayyoapdy . Furthermore, 1f c'él&ﬁ(‘t‘) then T is B-dependent ox7(,
a8 discussed in [3] . '
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